Following a solution generating technique introduced recently by one of us, we transform the Einstein static Universe into a two -fold infinity class of physically acceptable exact perfect fluid solutions of Einstein's equations. Whereas the entire class of solutions can be considered as generalizations of the familiar Tolman IV solution, no member of the class can be written explicitly in isotropic coordinates. Further, except for a set of measure zero, no member of the class can be written explicitly in curvature coordinates either.
I. INTRODUCTION
Over the last decade or so the study of exact spherically symmetric perfect fluid solutions of Einstein's equations has been reinvigorated [1] . Recently, one of us [2] transformed the Einstein static Universe into an exact physically acceptable perfect fluid solution of Einstein's equations and examined the properties of the solution in familiar curvature coordinates. The emphasis there was on the importance of the integration constant that the generating technique introduced. Here we transform the Einstein static Universe into a two -fold infinity of solutions all of which may be considered generalizations of the familiar Tolman IV solution. (This solution, and its variants, is useful for the study of internal properties of neutron stars [3] .) It is shown that no member of the class can be written explicitly in isotropic coordinates and, except for a set of measure zero, no member can be written explicitly in curvature coordinates either.
When looking for an exact solution of Einstein's equations, the search most often starts from a familiar set of coordinates. The present paper serves to emphasize the important point that physically interesting solutions can be automatically excluded by this approach.
II. SIMPLIFIED GENERATING TECHNIQUE
Following [2] we consider spacetimes O that can be written in the form [4] 
where dΩ 2 ≡ dθ 2 + sin(θ) 2 dφ 2 and M is constructed so as to make O a perfect fluid [5] . That is,
where
It is important to note that O is not a conformal transformation of the seed metric given by the case χ = 0 (due to the restrictions on M ). Moreover, M is not the effective gravitational mass (m) of O [6] . The regularity conditions on χ are [7] |χ(0)| < ∞, χ
Throughout we refer to the boundary (where the isotropic pressure vanishes and the solution matches onto vacuum) as Σ. Because of the form of (1), it is important to recall the following scaling property: If a spherically symmetric perfect fluid is represented by ds 2 , then under the conformal transformation ds 2 → δ 2 ds 2 , where δ is a constant, p → p/δ 2 , ρ → ρ/δ 2 and m → δm.
III. TOLMAN IV
As an introduction to what follows, we start with a consideration of the Tolman IV solution [7] [8] . This solution is generated here in the following way: We choose
Since C 2 can be absorbed into the scaling property mentioned above and C 3 can be absorbed into the scale of r, there is no loss in generality in setting C 2 = C 3 = 1. It now follows from (2) that
The choice (6) obviously introduces a coordinate singularity at r = 1. This is discussed below. The isotropic pressure and energy density are given by
and
respectively. Bearing in mind the scale factor δ, we note that
The adiabatic sound speed is independent of C 1 and is given by
Solving for C 1 at Σ we obtain
which shows that −1 < C 1 ≤ −1/2 and it follows that both p and ρ are monotone decreasing. 
does not correspond to a finite object and the associated total mass m diverges as r → 1 ≡ Σ. This case is also distinguished by the peculiarity that all polynomial invariants of the Riemann tensor vanish identically as r → 1. The coordinate singularity at r = 1 plays no role throughout the range of finite objects, The abscissa is r Σ defined by p(r Σ ) = 0. For the top curve the ordinate is −C1. The next gives ρ and so gives the density discontinuity at the boundary. The last curve gives the effective gravitational mass m, the total mass of each object.
Under the coordinate transformation r(r) the solution appears in the more familiar form
(13)
IV. INTEGER SOLUTIONS
We now consider
where n is and integer > 1. As explained above, there is no loss in generality in setting C 2 = C 3 = 1. It now follows from (2) that
Here F is the standard hypergeometric function defined by
where (x) k is the Pochhammer symbol
All these solutions are physically distinct from, but bear some similarities to, the Tolman IV case n = 1 [9] . The case n = 2 is treated separately in the Appendix. For n > 2 the effective gravitational mass is given by
where M is given by (15).
Let us define the "tenuity"
where A signifies the area of the two-surface t = const and r = r| Σ . Equivalently [6] ,
We find
for all n and we note that α > 3 for all finite objects in this class of solutions.
A. Limiting solutions
As in the case of Tolman IV, for each n > 1 there exists a global solution, characterized by a unique value of C 1 . These do not correspond to a finite object and the total mass m diverges as r → 1 ≡ Σ (as does the coordinate mass M for n > 2). These solutions share the distinction that all polynomial invariants of the Riemann tensor vanish identically as r → 1. For n = 2, the critical value of C 1 is 2 5/3 . For n > 2 the critical values are given by
where ψ is given by (16), P r=1 and H r=1 by (17) and (19) respectively with ǫ = 2n. Some properties of these global solutions are shown in FIG. 3 . 
B. Even Integers
For n even, all allowed values of C 1 are > 0 and for n > 2 the maximum allowed value of C 1 is obtained from the limit r → 0 ≡ Σ and the minimum allowed value of C 1 is obtained from the limit r → 1 ≡ Σ as given by (26). For n = 2, 2 5/3 < C 1 < 4 and for n > 2
where H r=0 is given by (19) with ǫ = 1. The coordinate singularity at r = 1 plays no role throughout the range of finite objects. Bearing in mind the scale factor δ, we find
and note that 
C. Odd Integers
For n odd, all allowed values of C 1 are < 0 and the minimum allowed value of C 1 is obtained from the limit FIG. 4 : Some boundary properties for even integers. For the thin curves n = 2, for the thick curves n = 4 and for the dashdot curves n = 6. The abscissa is r Σ defined by p(r Σ ) = 0. For the top curve the ordinate is C1 scaled by its maximum value at the center. The next gives ρ/ρ(0) and so gives the scaled density discontinuity at the boundary. The last curve gives the effective gravitational mass m, the total mass of each object. r → 0 ≡ Σ and the maximum allowed value of C 1 is obtained from the limit r → 1 ≡ Σ as given by (26). For n odd we have
Again, the coordinate singularity at r = 1 plays no role throughout the range of finite objects. Again, bearing in mind the scale factor δ, we find
and (29) 
D. Coordinate Transformations
In order to transform the foregoing solutions into explicit curvature coordinates, we must solve for r(r) from the generalized form of (12),
Whereas this is possible in principle only for n < 5, the only value of n which we find gives a manageable metric is the Tolman IV case n = 1. In order to transform the foregoing solutions into explicit isotropic coordinates, we must solve for r(r) from
where M (r) is given by (15). We have found that this is not possible for any n.
V. NON INTEGER SOLUTIONS
Let us now consider (14) but with n generated by
where i is an integer ≥ 1. This choice also admits global solutions but only with C 1 = 0. These solutions all have monotone decreasing p but ρ fails to be monotone (indeed ρ(0) = 0 for i = 1) and so these solutions have to be considered unphysical. Some properties of these solutions are shown in FIG. 6 for completeness. Non global solutions exist for C 1 = 0 but for these ρ also fails to be monotone. 
VI. DISCUSSION
The Einstein static Universe has been transformed into an explicit and exact two -fold infinity of physically acceptable perfect fluid solutions of Einstein's equations. The solutions are physically interesting because they are useful for the study of internal properties of neutron stars. The emphasis here is on the role of coordinates. Whereas the entire class of solutions can be considered as generalizations of the familiar Tolman IV solution, no member of the class can be written explicitly in isotropic coordinates and, except for a set of measure zero, no member of the class can be written explicitly in curvature coordinates either. The square of the adiabatic sound speed is given by C 1 (5r 4 + 2r 2 + 1) − (1 + 3r 2 ) 7/3 (1 + 3r 2 )
C 1 (1 − r 2 )(5r 4 − 2 r 2 + 5) . (A.7)
